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ABSTRACT
We develop a theoretical framework that extracts a deeper understanding of
galaxy formation from empirically-derived relations among galaxy properties
by extending the main-sequence integration method for computing galaxy star
formation histories. We properly account for scatter in the stellar mass–star
formation rate relation and the evolving fraction of passive systems and find
that the latter effect is almost solely responsible for the age distributions
among z ∼ 0 galaxies with stellar masses above ∼ 1010M⊙. However, while we
qualitatively agree with the observed median stellar metallicity as a function of
stellar mass, we attribute our inability to reproduce the distribution in detail
largely to a combination of imperfect gas-phase metallicity and α/Fe ratio
calibrations. Our formalism will benefit from new observational constraints
and, in turn, improve interpretations of future data by providing self-consistent
star formation histories for population synthesis modeling.
Key words: galaxies: formation – galaxies: evolution – galaxies: dwarf –
galaxies: abundances
1 INTRODUCTION
The study of galaxy evolution is swimming in a flood
of new multi-wavelength data. Recent observations have
characterized (1) the evolution of stellar mass function
(e.g., Bielby et al. 2012; Muzzin et al. 2013); (2) the bi-
modal nature of galaxies into quiescent and star-forming
to z ∼ 3 (e.g., Brammer et al. 2011; Muzzin et al.
2013); (3) the evolving correlation between the stellar
masses and star formation rates of star-forming systems
(e.g., Noeske et al. 2007; Daddi et al. 2007; Karim et al.
2011; Whitaker et al. 2012; Gonza´lez et al. 2014); (4) a
tight “fundamental metallicity relation” (FMR) among
stellar mass, star formation rate, and gas-phase metal-
licity (e.g., Kewley & Ellison 2008; Lara-Lo´pez et al.
2010; Mannucci et al. 2010; Andrews & Martini 2013);
(6) the structure of cold gas fueling galaxies (e.g.,
Genel et al. 2010); and (6) the environmental influ-
⋆ E-mail:jamunoz@physics.ucsb.edu
ence on galactic properties (e.g., Peng et al. 2010;
Pasquali et al. 2010; Lin et al. 2014). Yet, these various
empirical relations beg a theoretical framework that an-
swer questions about their effects on and relative impor-
tance in the buildup of stellar mass in the universe. For
example, what role does the quiescent phase of galaxy
evolution play in setting the growth of the stellar popu-
lation, and do clumps in cold streams or environmental
processes fundamentally drive star formation?
Moreover, understanding the history of star forma-
tion in the universe is critical, not only for its own sake,
but because the knowledge feeds back into the inter-
pretation of the torrent of extragalactic observations.
Extracting most galaxy properties from the data, for ex-
ample, requires stellar population synthesis models for
which the star formation history is a necessary input
(e.g., Tinsley 1980; Leitherer et al. 1999; Schaerer et al.
2013). These histories are also central to understand-
ing the nature of the mass-metallicity relation (e.g.,
Peeples & Somerville 2013) and the evolution of the
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law relating star formation rate to gas density (e.g.,
Bigiel et al. 2008).
To avoid the degeneracies and sub-grid prescrip-
tions involved in formulating a completely theoretical
model of galaxy formation and evolution for compari-
son with observations, we are motivated to organize the
empirical data itself into a cohesive structure describ-
ing the buildup of stellar mass within galaxies. Such
a path is provided by the Main Sequence Integration
(MSI) method (e.g. Leitner 2012). This scheme traces
the star formation history of a mock galaxy by using
the observed average star formation rate as a function
of stellar mass and redshift to inform the growth of the
system in each time step. It can also track the buildup
of stellar metallicity by incorporating the empirically-
determined FMR (Peeples & Somerville 2013). How-
ever, the current method ignores the significant scat-
ter in these empirical relations (e.g., Noeske et al. 2007;
Daddi et al. 2007; Karim et al. 2011; Guo et al. 2013;
Gonza´lez et al. 2014) as well as the quenching of star
formation implied by the evolving fraction of quiescent
galaxies. Both effects contribute to large variations in
the star formation history from system-to-system, which
in turn, imprint on the derivations of galaxy properties
from the data.
To study the influence of empirical phenomenology
on the star formation process more fully, we develop an
improved MSI model that introduces fluctuations into
the star formation process and, by construction, repro-
duces both the scatter in the stellar mass–star forma-
tion rate relation and the evolving fraction of quiescent
galaxies. In §2, we review the basic MSI method, which
traces the mean history of smoothly and continuously
star-forming systems. We present our new prescriptions
for generating variations in the star formation history,
both in time and from galaxy-to-galaxy, in §3, and test
our method using Sloan Digital Sky Survey (SDSS) ob-
servations from (Gallazzi et al. 2005) of the scatter in
galaxy ages and stellar metallicities in §4. Finally, we
discuss and summarize our conclusions in §5.
Throughout, we adopt a ΛCDM cosmology with
ΩM = 0.28, ΩΛ = 0.72, and H0 = 70 km/s/Mpc and a
Chabrier (2003) initial mass function (IMF). Further-
more, log always refers to the base-10 logarithm.
2 THE BASIC MODEL
We begin by reviewing the basic formulation of the MSI
model. In §2.1, we describe the computation of the av-
erage star formation history of a galaxy with final stel-
lar mass M⋆,f at redshift zf assuming no scatter in the
star formation rate for a given stellar mass and red-
shift. Then, in §2.2, we discuss the metallicity history of
galaxies using the fundamental metallicity relation be-
tween stellar mass, star formation rate, and gas-phase
metallicity.
2.1 Star Formation Histories
In the MSI procedure (e.g., Leitner 2012), the observed
relationship between star formation rate, M˙SFR, and
stellar mass, M⋆, as a function of redshift determines
galactic star formation histories. Explicitly, in the time
dt between redshifts z + dz and z, the stellar mass,
M⋆, of a galaxy increases by an amount M˙SFR(M⋆, z) dt,
where dt is the interval of cosmic lookback time, t, cor-
responding to the redshift interval dz given by
dt =
dz
H0 (1 + z)
√
ΩM (1 + z)3 + ΩΛ
. (1)
Using equation 1 and our chosen cosmology we will refer
to t and z interchangeably throughout this work.
We use the M˙SFR–M⋆ relation recently derived by
Whitaker et al. (2012) from galaxies in the NEWFIRM
Medium-Band Survey (Whitaker et al. 2011). These au-
thors compute star formation rates from a combination
of the rest-frame UV and IR emission and stellar masses
assuming a Chabrier (2003) IMF, solar metallicity, and
exponentially declining star formation histories.1 The
resulting relation, which is similar to that derived using
a comparable analysis of galaxies in the COSMOS sur-
vey by Karim et al. (2011), has a median logarithmic
star formation rate for star-forming galaxies well-fit by
〈log M˙SFR〉med = α(z) [log(M⋆/M⊙)− 10.5] + β(z),
(2)
where α = 0.70− 0.13 z and β = 0.38+ 1.14 z− 0.19 z2.
Despite the limited mass range over which this formula
was derived, particularly at the highest redshifts, we
extrapolate equation 2 in the present work to any com-
bination of redshift and stellar mass required. With
this choice and in the MSI formulation without scat-
ter, the mass added in each time step dt at redshift z is
10〈log M˙SFR〉med(M⋆,z) dt.2
In addition to the mass gained in each time step,
Leitner & Kravtsov (2011) considers the mass recy-
cled back into the interstellar medium as a result of
stellar winds and death. We quantify the amount of
mass lost in this way by the fraction of stellar mass,
fml(t2 − t1), produced at time t1 that has been lost by
some later time t2, and adopt the fit to this fraction
which Leitner & Kravtsov (2011) derive using popula-
tion synthesis modeling for a Chabrier (2003) IMF at
solar metallicity:
fml = C0 ln
(
t2 − t1
λ
+ 1
)
, (3)
where C0 = 0.046 and λ = 2.76× 10
5 yr. The dominant
source of uncertainty in equation 3 is the choice of IMF
since the total mass loss, unlike the amount lost in each
1 Note that the star formation and enrichment histories as-
sumed by the analysis in Whitaker et al. (2011) will be in-
consistent with our results.
2 Because the scatter about the median logarithmic star for-
mation rate is roughly symmetric, we ignore the small differ-
ence between the median and average.
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individual stage of stellar evolution, is relatively insensi-
tive to metallicity. Given this fitting, the instantaneous
rate of mass recycling at time t is a convolution of fml
and the star formation history M˙SFR(t). More explicitly,
for a star formation history beginning at some time ti,
the total mass loss rate at time t > ti from stars formed
between ti and t is
dMrec
dt
=
∫ t
ti
M˙SFR(t
′)
dfml(t− t
′)
dt′
dt′. (4)
Thus, the change in stellar mass between from z+dz to z
now becomes
[
10〈log M˙SFR〉med(M⋆,z) − dMrec(z)/dt
]
dt.
In this work, we are more interested in the ori-
gins of observed galaxies today rather than the even-
tual fates of high-redshift galaxies. Therefore, we fol-
low Leitner & Kravtsov (2011) in tracing star formation
histories backward rather than forward in time and be-
ginning at z = 0. However, this procedure complicates
the evaluation of equation 4 at late times since it re-
quires foreknowledge of the star formation history at
early times. Leitner & Kravtsov (2011) circumvent this
problem using an iterative approach to solve for the star
formation history, and we adopt the same solution. We
initially assume fml = 0 and compute the star formation
history without mass recycling. We then use this history
to reevaluate equation 4 and trace the star formation
history in the subsequent iteration. This process typi-
cally converges quickly, after only a few iterations. An
example history for a galaxy that has M⋆ = 10
10.5M⊙
at z = 0 is shown as the thick black line in Figure 1.
We calculate the star formation history of a galaxy
beginning our calculations at time t = tf , corresponding
to z = zf , and take steps backwards in time until we
reach some fiducial “initial” time ti at which our galaxies
are “seeded” with some relatively small fiducial stellar
mass with zero age and uniform metallicity. We compute
the galactic average age, T , of the stellar population at tf
by taking a mass-weighted average of the mass surviving
from each time step, i.e.,
T =
∫ tf
ti
M˙SFR(t)
M⋆(tf)
[1− fml(tf − t)] (tf − t) dt. (5)
The implicit assumption that stars already present in a
galaxy at ti all formed at time ti does not significantly
affect the results if zi, the redshift corresponding to ti, is
large and the stellar mass at zi small (see Appendix A).
Typically, M⋆(ti)/M⋆(tf) < 10
−3 in our realizations.
In the interest of making out results more com-
parable to observations, we can also calculate galaxy-
averaged ages weighted by B-band luminosity rather
than by mass using a model for the stellar metallici-
ties within a mock galaxy (see §2.2).3 To do this, we
replace the fraction of final mass produced in each a
3 Note that this is not precisely equivalent to the methodol-
ogy of Gallazzi et al. (2005), who derive stellar ages, metal-
licities, and masses from a set of spectral indices (see §4).
step dt—M˙SFR(t) [1− fml(tf − t)] dt/M⋆(tf)—which ap-
pears in each of equations 5, with the fraction of the
total B-band luminosity emitted by these stars at time
tf . As in Peeples & Somerville (2013), we compute this
luminosity for stars in each time step given its age and
metallicity using Bruzual & Charlot (2003) stellar pop-
ulation models. The resulting luminosity weighting sig-
nificantly biases the inferred properties toward more re-
cent star formation and, hence, produces younger ages
(Trager & Somerville 2009) and higher metallicities.
2.2 Metallicity Histories
In addition to the average age, we also calculate
the average metallicity, Z⋆, of a galaxy’s stellar pop-
ulation from its star formation history. Following
Peeples & Somerville (2013), we assume that the metal-
licity of the galactic gas, Zg, in a given time step im-
prints on the stars that form out of it at that time step
(see also Tinsley 1975). This procedure assumes, similar
to our calculation of the average age, that all stars al-
ready present at time ti have the same metallicity given
by the gas-phase metallicity at that initial time, but this
does not significantly affect the results for large zi and
smallM⋆(zi). At tf , the mass-weighted, galaxy-averaged
stellar metallicity is
Z⋆ =
∫ tf
ti
M˙SFR(t)
M⋆(tf)
[1−fml(tf−t)]Zg[M⋆(t), M˙SFR(t)] dt.
(6)
That is, stellar metallicities are the star
formation-weighted histories of gas metallicities
(Peeples & Somerville 2013). We can also compute
a luminosity-weighted version of Z⋆ using the same
procedure as for T .
We specify Zg as a function of both M⋆ and M˙SFR
using the so-called “fundamental metallicity relation”
(hereafter FMR) observed at z = 0, which connects stel-
lar mass, star formation rate, and gas-phase metallic-
ity (e.g., Mannucci et al. 2010; Lara-Lo´pez et al. 2010).
By incorporating the influence of star formation on
metallicity, this choice represents an improvement over
assigning metallicities based on an evolving relation-
ship with stellar mass alone (e.g., Zahid et al. 2012).
As in Peeples & Somerville (2013), we assume that
the FMR is redshift-independent, though we emphasize
that the current observational situation is unclear (e.g.,
Yuan et al. 2013b; Zahid et al. 2013; Yabe et al. 2014;
de los Reyes et al. 2014).
Despite a theoretical motivation for the rela-
tion (e.g. Forbes et al. 2014), the formulation of the
FMR is purely empirical and, thus, complicated by
the physics of observational metallicity indicators. Re-
cently, Andrews & Martini (2013) showed that the
choice of calibrator can strongly influence the depen-
dence of the inferred metallicity on not only stellar
mass (Kewley & Ellison 2008), but also on the star
formation rate. This effect is due to the sensitivity
of metal lines to the electron temperature and ex-
c© 0000 RAS, MNRAS 000, 000–000
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citation/ionization structure of HII regions, which in
turn depend on M˙SFR (e.g., Pen˜a-Guerrero et al. 2012;
Andrews & Martini 2013). Moreover, incorrect param-
eterization of these properties can introduce system-
atic uncertainties into the derived metallicity measure-
ment, though Nicholls et al. (2012) and Dopita et al.
(2013) show that adding a high-energy tail to the stan-
dard Maxwell–Boltzmann distribution of electron ener-
gies can improve temperature estimates and reconcile
seemingly discrepant indicators.
However, as the FMR has not yet been fully
characterized using this new method, we instead in-
vestigate how our results vary when adopting sev-
eral different representative calibrations whose depen-
dence on M⋆ and M˙SFR span the range described in
Andrews & Martini (2013). Specifically, we take
12 + log(O/H) = β(logM⋆ − αM˙SFR) + γ (7)
and set the gas-phase metallicity relative to solar,
Zg/Z⊙, to be the relative oxygen-to-hydrogen ra-
tio, (O/H)/(O/H)⊙, with 12 + log(O/H)⊙ = 8.76
(Caffau et al. 2011). Andrews & Martini (2013) find
(α, β, γ) = (0.325, 0.308, 5.562) using the [OIII]–
[NII] calibration of Pettini & Pagel (2004, here-
after PP04); (0.125, 0.208, 6.827) for the calibration
of Kewley & Dopita (2002, hereafter KD02), which
uses the upper branch of the R23 diagnostic; and
(0.248, 0.358, 5.363) for the calibration of Zaritsky et al.
(1994, hereafter Z94). These three calibrations span the
uncertainties in both the normalization of the FMR
and its dependence on star formation rate with the
PP04 fitting producing an approximately average re-
lationship. Moreover, by stacking spectra from SDSS,
Andrews & Martini (2013) are able to characterize the
FMR down to stellar masses nearly 2 dex lower than
that in earlier studies. Adopting their relations, we
are less susceptible to extrapolation errors than were
Peeples & Somerville (2013). Therefore, where not oth-
erwise specified in §4, we assume the FMR as measured
by Andrews & Martini (2013) and choose the [OIII]–
[NII] calibration of PP04 as fiducial.
We also consider results using the double quadratic
fit to the FMR introduced by Mannucci et al. (2010,
hereafter M10):
12 + log(O/H) =8.90 + 0.37m10 − 0.19m
2
10
− 0.14 m˙1 − 0.054 m˙
2
1 + 0.12m10 m˙1,
(8)
where m10 = log(M⋆/10
10M⊙) and
m˙1 = log(M˙SFR/M⊙ yr
−1). By assuming that star-
forming galaxies always remain on this relation,
Peeples & Somerville (2013) are able to approximately
reproduce the z = 0 stellar metallicities of 1010.5M⊙
galaxies observed by Gallazzi et al. (2005) using the
average MSI-derived star formation history of Leitner
(2012). However, as we show in §4.2, this agreement
may have been partially coincidental since a significant
fraction of galaxies in this mass range are passive
and, thus, have substantially different star formation
histories (and corresponding enrichment histories)
than Peeples & Somerville (2013) assumed. These
authors further attribute their over-estimate of the
stellar metallicities at . 1010M⊙ to extrapolation
errors in both the star formation histories and the M10
FMR and interpreted their results as producing good
agreement with observations.
However, we must also be aware that the gas-phase
metal abundances of the FMR are measured relative
to oxygen, an α element. Stellar metallicities, on the
other hand, are typically measured from iron lines. Be-
cause α elements are almost exclusively produced in
Type II supernovae while a significant fraction of iron
is additionally made in Type Ia supernovae, the two
metallicities are not directly comparable or even re-
lated by a constant factor. Observational evidence sug-
gests that the delayed contribution of Type Ia super-
novae to the iron budget produces super-solar α/Fe ra-
tios in older, more massive galaxies (Thomas et al. 2005;
Arrigoni et al. 2010), but Stoll et al. (2013) purport an
intrinsic correlation between α/Fe and the oxygen abun-
dance, O/H, based on measurements of individual halo,
bulge, and disk stars in the Milky Way. We will use the
empirical fit from Stoll et al. (2013), given by
log
(Fe/H)
(Fe/H)⊙
= −0.34 + 1.25 log
(O/H)
(O/H)⊙
, (9)
for our results in §4 as a fiducial case but also discuss
the effect of a mass-dependent conversion.
3 INCORPORATING SCATTER
Going beyond the previous work by Leitner (2012) and
Peeples & Somerville (2013), in this study, we consider
the scatter in star formation histories from galaxy-to-
galaxy indicated both by variations in the star forma-
tion rate at a given stellar mass and redshift and by
the evolving fraction of quiescent systems. In this sec-
tion, we describe the implementation of these fluctua-
tions in our version of the MSI model. In §4, we will test
whether and by what mechanisms the resulting scatter
in the star formation history imprints on the present-
day mass-age and mass-metallicity relations measured
by (Gallazzi et al. 2005). Because of this, we will gen-
erally set zf = 0 and denote M⋆,0 ≡ M⋆(zf = 0) unless
otherwise specified.
At each time step of our MSI formulation, instead
of specifying the star formation rate via equation 2, we
draw a value from a probability distribution that may
depend on stellar mass and/or redshift.4 In this section,
4 Incorporating scatter into our calculations of galaxy star
formation histories requires generating many random num-
bers. However, as outlined in §2.1, our procedure also involves
iteration to determine consistently the amount of stellar mass
recycled back into the ISM. To ensure convergence, note that
we must preselect our sets of random numbers that specify
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we describe how we piece together this distribution from
components of varying sophistication and physical mo-
tivation. Note that this probability distribution may not
have a mean given by equation 2 since the observations
to which we compare our final results need not be com-
pletely described by only normal, star-forming galaxies.
Moreover, successive draws from this distribution may
be correlated to simulate different amounts of stochas-
ticity.
Figure 1 shows example star formation histories for
galaxies with a z = 0 stellar mass of M⋆,0 = 10
10.5M⊙,
about that of the Milky Way (e.g., Klypin et al. 2002).
The solid, black curve demonstrates the mean relation,
incorporating no scatter in the star formation rate about
the mean determined from equation 2. The other mod-
eled star formation histories in Figure 1 account for the
scatter in star formation rates for normal, star forming
galaxies (§3.1) and the evolving population of passive
galaxies (§3.2).
3.1 Normal, Star-Forming Galaxies
Observationally, the star formation rate of star-forming
galaxies at fixed stellar mass has an approximately log-
normal distribution with a logarithmic standard devia-
tion, σSFR, of approximately 0.3 dex, roughly indepen-
dent of stellar mass and redshift (Noeske et al. 2007;
Daddi et al. 2007; Karim et al. 2011; Gonza´lez et al.
2011; Mun˜oz & Loeb 2011; Mun˜oz 2012, though see
Guo et al. 2013). Unfortunately, the tails of the distri-
bution are not well-characterized observationally, and
the amount of scatter may be as high as 0.4 dex or as
low as 0.2. However, we find that our results are rela-
tively insensitive to this uncertainty (see Appendix C),
and, thus, assume a fiducial value of σSFR = 0.3. Assum-
ing such a shape, we take the mean of the distribution to
be identical to the observed median given in equation 2.
Tracing the star formation history with an integra-
tion time step ∆t (see Appendix A), we resample the
star formation rate from our log-normal distribution ev-
ery ∆tc/∆t time steps by selecting the size of the fluc-
tuation, (log M˙SFR − 〈log M˙SFR〉)/σSFR. In this way, a
particular fluctuation affects the galaxy for a time ∆tc,
and we allow the star formation rate itself to change on
scales of ∆t as 〈log M˙SFR〉 evolves with redshift and the
growing mass of the galaxy. The time-scale ∆tc, thus, is
a critical parameter of our model and controls how cor-
related the star formation rate is through time. For a
large value, a particular fluctuation in the star formation
rate about the mean will persist for a more significant
period and more significantly affect the final properties.
On the other hand, a small ∆tc results in less scatter
in the final properties, since an aberrant star forma-
tion rate in one time step is allowed to continue for a
the specific star formation history of a galaxy before the first
iteration and maintain the same set throughout the conver-
gence process.
Figure 1. Example model star formation histories showing
the stellar mass (upper panel) and star formation rate (lower
panel) as a function of lookback time. We set the final stellar
mass for these examples to be 1010.5M⊙ at z = 0. The thick,
solid (black) curve shows the mean star formation history
computed using only the average star formation rate as a
function of stellar mass and redshift. The thin solid (blue)
and short-dashed (green) curves include 0.3 dex of scatter
in the star formation rate correlated over a time-scale of,
respectively, ∆tc = 108 yr and 1010 yr (effectively its entire
lifetime). The dotted (red) curve is an example with ∆tc =
109 yr and passive galaxies included; this particular example
becomes passive quite early and slowly loses stellar mass from
stellar death and recycling over the last 8 Gyr.
shorter period before being resampled. Though we are
not testing a physical model here, different correlation
time-scales may have distinct physical geneses; environ-
mental effects likely operate over long time-scales, for
example, while instabilities in the inflow rate of cold
gas correlate star formation over short time-scales.
In Figure 1, we show two model examples of star
c© 0000 RAS, MNRAS 000, 000–000
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formation histories that include only normal star for-
mation. The thin solid (blue) and short-dashed (green)
curves assume ∆tc = 10
8 and 1010 yr, respectively. For
∆tc = 10
8 yr, the star formation history does not devi-
ate much from the “no scatter” case since strong fluctu-
ations in star formation rate are not allowed to persist
for a significant amount of time. On the other hand,
for ∆tc = 10
10 yr (effectively the entire galaxy lifetime)
the history is rather smooth because the distribution is
only sampled once (log M˙SFR − 〈log M˙SFR〉 ∼ 1.5σSFR
for the example in Fig. 1). A high values of ∆tc with
a single fluctuation per system generates much stronger
deviations from galaxy to galaxy than does a low value,
which combines many uncorrelated fluctuations. How-
ever, we emphasize that, by construction, an ensemble
of our output star formation histories reproduce the ob-
served stellar mass–star formation rate relation and its
scatter for any choice of ∆tc. In §4, we compare results
for several different values, which may reflect different
physical mechanisms driving the scatter in the star for-
mation rate.
3.2 Passive Galaxies
While previous implementations of the MSI method
considered only star-forming galaxies, the Gallazzi et al.
(2005) data to which we compare our results in §4 in-
cludes passive galaxies. The “quenching” of star forma-
tion can have a strong influence on the scatter among
the histories of massive galaxies by suppressing galaxy
star formation rates at different times. We construct
a new prescription to incorporate this suppression into
the MSI method that allows us to quantify the resulting
effect on stellar ages and metallicities.
As with star-forming galaxies, we calibrate our
model based on empirical observations from the
NEWFIRM Medium-Band Survey, using the passive
galaxy fraction measured by Brammer et al. (2011) at
0.4 6 z 6 2.2 for stellar masses above ∼ 109.5. These
data were recalibrated and fit by Behroozi et al. (2013),
who found that the fraction of galaxies that are passive
depends on stellar mass and redshift as
fp(M⋆, z) =
[(
M⋆
1010.2+0.5 z M⊙
)−1.3
+ 1
]−1
. (10)
Because equation 10 implies that virtually all dwarf
galaxies are star-forming, it may not adequately de-
scribe the quenching of star formation in local group
satellites as a result of ram-pressure stripping (e.g.,
Kravtsov et al. 2004; Mun˜oz et al. 2009). Nevertheless,
we extrapolate this fitting to all necessary masses and
redshifts in our model. Moreover, we compute results
specifically for star-forming populations in §4 by setting
fp(M⋆, z) = 0.
However, the passive fraction is only the desired
result of our prescription; we cannot simply use fp to
select quenched systems at each time step since this
would allow them to alternate between passive and
star-forming phases on the scale of ∆t. Instead, in
our scheme, we assume that galaxies exhibit a “once
passive, always passive” behavior. (Since we integrate
star formation histories backward through time, this
is equivalent to a rule of “once star-forming, always
star-forming.”) Moreover, galaxies designated as passive
form no new stars but still lose stellar mass due to stel-
lar recycling according to equation 4. The procedure is
as follows. Beginning at z = 0, we determine whether a
galaxy is passive or not based on the probability given
by equation 10 as a function of the galaxy’s mass, M⋆,0.
A galaxy marked as star-forming at z = 0 is then star-
forming for its entire history. On the other hand, for
a galaxy set to be passive at z = 0, we calculate the
probability in each time step that the system switches
from passive to star-forming based on its stellar mass
and the redshift of the time step. While fp gives the
fraction of all galaxies that are passive, the probability
that a passive galaxy becomes star-forming—again as
we integrate backward through time—in a redshift in-
terval dz, is given by the change in the number of pas-
sive galaxies over dz as a fraction of the total number
of passive galaxies, which can be written as
Pp,switch(M⋆, z) = −
d
dz
ln
(
fp
dn
dM⋆
)
dz, (11)
where dn/dM⋆ is the stellar mass function. Equation 11
implicitly includes the contribution to the changing
number of passive galaxies owing to the evolution in
the total number of galaxies. Once a passive galaxy be-
comes star-forming, its star formation rate is then se-
lected using the previously described procedure (§3.1).
This prescription ensures that, averaged over a large and
representatively-sampled population of model galaxies,
the fraction of systems denoted as passive will be given
by equation 10.
All that remains to describe our implementation of
passive galaxies completely is to specify our choice of
dn/dM⋆. We adopt the observed stellar mass functions
of Bielby et al. (2012), who use data from the WIRCam
Deep Survey and a methodology for deriving stellar
masses very similar to that of Brammer et al. (2011)
and Whitaker et al. (2012) to fit results at discrete red-
shifts from 0.2 < z < 2 with a double-Schechter (1976)
function:
dn(M⋆)
d lnM⋆
= eM⋆/M
∗
[
φ1
(
M⋆
M∗
)α1
+ φ2
(
M⋆
M∗
)α2] (M⋆
M∗
)
.
(12)
To obtain a continuous interpolation at any value of z,
we fit the redshift evolution of the five free parameters
in equation 12 as
log(M∗/M⊙) = −0.114 z + 10.79,
φ1 = (−0.96 z + 2.76) × 10
−3,
φ2 = 0.23× 10
−3,
α1 = 0.66 z − 1,
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and
α2 =
{
−0.5 z − 1.5, z 6 1
−2, z > 1
. (13)
Equations 12 and 13 give a stellar mass function
consistent with those from other recent works (e.g.,
Brammer et al. 2011; Muzzin et al. 2013). Because we
only require the redshift evolution of the mass function
in our model via equation 11, our specific choice—in
addition to effects such as cosmic variance—is even less
significant to our results.
Figure 1 shows two examples (both with ∆tc =
109 yr) of star formation histories where we have in-
cluded a passive phase. In one case (dotted, red), the
galaxy becomes massive very early in its lifetime and
then evolves only quiescently for nearly 8 Gyr until
z = 0. Once star formation ceases, the stellar mass de-
clines somewhat due to stellar recycling before reach-
ing M⋆,0 = 10
10.5M⊙. By contrast, in the other ex-
ample (long-dashed, orange), the galaxy builds up its
mass much more gradually and only becomes passive
relatively recently in cosmic time—less than 500 Myr
ago. As we show in §4, this variation adds a significant
amount of scatter to the ages and stellar metallicities of
galaxies at this stellar mass and increases the median
age of systems more massive than ∼ 1010M⊙.
4 RESULTS
We have developed a model to describe galaxy-to-galaxy
variations in the buildup and enrichment of stellar mass
in terms of the observed star-forming main sequence,
the FMR, and the evolving passive galaxy fraction. In
§3, we showed how variations in normal star formation,
a passive phase, and additional starbursts all lead to
scatter in star formation history. In this section, we ex-
plore how these fluctuations contribute to the observed
range of ages and stellar metallicities, focusing on mea-
surements at z ∼ 0.
Gallazzi et al. (2005) derive average stellar ages
and metallicities for ∼175, 000 nearby (0.05 6 z 6 0.22)
galaxies from the SDSS Data Release 2 with stellar
masses of ∼ 109–1012M⊙. They determine galaxy prop-
erties probabilistically by considering a range of star
formation histories with bursts superimposed on an as-
sumed exponential decline and using a Bayesian method
based on the following observed spectral features: the
4000 A˚ Balmer break, Hβ, HδA+HγA, [Mg2 Fe], and [Mg
Fe]’. Because of their reliance on iron features, we cor-
rect the metallicities from our oxygen-derived results
to account for variations in the α/Fe ratio with O/H
(Stoll et al. 2013), adopting the newest measurements
of the solar oxygen abundance (Caffau et al. 2011).
For a given input value of M⋆,0, each run of
our method returns a different star formation histo-
ries and hence a different galaxy-averaged age and
stellar metallicity. To compare these model results
with the Gallazzi et al. (2005) observations, we con-
struct samples of 103 mock galaxies in mass bins of
∆ logM⋆,0 = 0.1 and calculate the median and central
68% range of the output age and stellar metallicity (see
Appendix). We define the operator ∆68 to be the range
of logarithmic values of the acted-on physical variable
such that 16% of galaxies in the given bin have values
above the range and a further 16% have values below
the range. Thus, ∆68T and ∆68Z⋆, respectively, quan-
tify the range of average ages and stellar metallicities,
in dex, of the central 68% of galaxies. For example, a
value of log∆68Z⋆ = −1 implies that the central 68%
of Z⋆ spans 0.1 dex.
In addition to the intrinsic scatter, measurement
uncertainties also contribute to the observed ∆68T and
∆68Z⋆. We attempt to compute an approximate correc-
tion for this effect by subtracting the uncertainties from
the observed scatter in quadrature:
∆68Xcorrected =
[
(∆68Xuncorrected)
2 − (2σX)
2]1/2 ,
(14)
where X may stand for either T or Z⋆. However, we
use equation 14 with caution, since none of the relevant
fluctuations or uncertainties are Gaussian and the result
depends as much on the Gallazzi et al. (2005) estimates
of their uncertainties as on the data themselves. Thus,
these “corrected” values should serve more as a guide to
the potential effect of observational uncertainties than
a true measure of the intrinsic scatter.
Finally, we note that, while we implement the
quenching of star formation in our MSI formulation us-
ing the evolution of the stellar mass function via equa-
tion 11, our results are not explicitly designed to repro-
duce this evolution. Thus, a comparison to these obser-
vations would represent an additional constraint on our
model. However, such an analysis is beyond the scope
of the current study, and we leave it for future work.
4.1 Galaxy Ages
We compare our results for galactic ages to observa-
tions from Gallazzi et al. (2005, thick curve and gray
shading) in Figure 2. As shown in the left column, the
luminosity-weighted ages of star-forming galaxies with
M⋆,0 & 10
10M⊙ are significantly lower than those of the
general population. However, including a passive galax-
ies in our model, as described in §3.2 and shown in the
middle and right columns, almost perfectly resolves for
the discrepancy. Moreover, the quenching of star for-
mation produces a characteristic bump in the value of
∆68T for the full galaxy population around 10
10.5M⊙
that is also seen in the observations, where the passive
fraction is significant enough to strongly affect a mod-
erate number of galaxies but not so high as to influence
nearly all galaxies in the same way. However, we note
that this mechanism results in somewhat less scatter
than observed at the highest stellar masses.
Quenching also suppresses the difference between
our mass- and luminosity-weighted results. Among star-
c© 0000 RAS, MNRAS 000, 000–000
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Figure 2. The median (top row) and central 68% interval range (bottom row) for galaxy-averaged stellar age as a function of
total stellar mass at z = 0. Thick lines and shaded regions show the observations by Gallazzi et al. (2005) for a representative
sample of both star-forming and passive galaxies in the top row, while filled and open circles in the bottom row indicate the
central 68% interval uncorrected and uncertainty-subtracted via Eq. 14, respectively. Model results are based on 103 realizations
of star formation histories per stellar mass bin. Short-dashed (green), solid (blue), and long-dashed (orange) curves compare the
effect of different correlation time-scales between fluctuations in normal star formation: ∆tc = 108, 109, and 1010 yr, respectively.
Dotted (blue) curves indicate results for a mass-weighted averaging of the stellar ages within a galaxy with ∆tc = 109 yr, while
all other lines show luminosity-weighted results. Model results include only star-forming galaxies in the left column and only
galaxies that are quenched by z = 0 in the middle column, while results in the right column reflect a representative population
with both star-forming and passives systems.
forming galaxies we find that luminosity-weighted ob-
servations give ages that are significantly younger than
the “true” mass-weighted values, by a factor of ∼ 2–
3, consistent with results from Trager & Somerville
(2009). However, quenching, which affects most galax-
ies with stellar masses above ∼ 1010.5M⊙, removes
the more recent stars that would have dominated a
luminosity-weighted average and produces agreement
between the two weightings.
In Figure 2, we also explore the effect of varying
the correlation time-scale of normal star formation and
show results for ∆tc = 10
8 (short-dashed), 109 (solid),
and 1010 yr (long-dashed). While different values of ∆tc
result in nearly identical median ages at a given stel-
lar mass, longer correlation times produce more scatter
among star-forming systems from galaxy to galaxy, as
expected. However, in a representative sample of both
star-forming and passive systems, quenching appears
to be the dominant source of scatter in galaxies with
M⋆,0 & 10
10M⊙ so that the effect of changing ∆tc in
this mass range is negligible. As a consequence, dis-
tinguishing between different drivers of star formation
based on ∆tc may only be possible with a purely star-
forming sample. Nevertheless, though the observational
uncertainties in the age measurements make it difficult
to clearly constrain model parameters from the observed
values of ∆68T , our results for dwarf systems seem to
prefer ∆tc > 10
9 yr. This may indicate that scatter in
star formation histories of star-forming systems owes to
more than just small instabilities and clumps in cosmic
cold gas accretion operating on short time-scales (e.g.,
Genel et al. 2010; Forbes et al. 2014). Instead, galaxy
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Figure 3. Left: The redshift, z1/2, (upper) or lookback time, t1/2, (lower) at which a galaxy progenitor reached 50% of its final
stellar mass. The thick, green line and hatched region shows the median and central 68% values for a representative population
of model galaxies including both star-forming and passive systems, while the thick and thin curves plot the same quantities
for only star-forming (blue) or only passive (orange) galaxies at z = 0. Right: The redshift (upper) or lookback time (lower)
at which passive galaxies at z = 0 quenched their star formation as a function of M⋆,0. Thick and thin curves denote median
and the central 68% of values, respectively. Passive, 108M⊙ galaxies quench early in our model because of the rarity of these
objects (see §4.1 of the text).
environment may play a role (e.g., Peng et al. 2010;
Pasquali et al. 2010; Lin et al. 2014).
Since passive systems are clearly essential to re-
producing the full population of galaxies reflected in
the Gallazzi et al. (2005) observations, we include them
in presenting our results in the rest of this work un-
less specifically noted otherwise. We also note that, be-
cause the median and scatter in galactic ages of massive
galaxies is a direct result of the evolving passive frac-
tion, successfully reproducing both sets of data (e.g.,
Vogelsberger et al. 2014) should count only as a single
piece of evidence for the success of a theoretical model.
c© 0000 RAS, MNRAS 000, 000–000
10 Mun˜oz & Peeples
Figure 4. The median (top panel) and central 68% interval
range (bottom panel) for model luminosity-weighted galactic
stellar age as a function of total stellar mass at z = 0 (solid,
dark blue), 0.1 (dot-long-dashed, orange), 0.5 (dotted, pur-
ple), 1 (short-dashed, green), 1.5 (long-dashed, red), and 2
(dot-dashed, light blue). All model results in this plot as-
sume ∆tc = 109 yr and include quenching. For comparison,
points and error bars show median age measurements from
Gallazzi et al. (2014) at z = 0.7.
In addition to the distribution of final galaxy ages,
our framework supplies us with full star formation his-
tories from which we can extract interesting charac-
teristic quantities. The right panel of Figure 3 shows
the redshifts, z1/2, (top panels) or lookback times (bot-
tom panels) at which the progenitors of z = 0 galaxies
reached 50% of their final stellar mass. Among star-
forming galaxies, this redshift increases with increasing
stellar mass, but the behavior among galaxies that are
quenched by z = 0 is more complicated. For example,
despite the young average ages of 108.5M⊙ galaxies, sys-
tems of this mass that are passive at z = 0 have a me-
dian z1/2 of about ∼ 1.5, which is a reflection of the very
small fraction of 108.5M⊙ galaxies that are quenched.
Because these systems have such low fp in our extrap-
olation of equation 10, they are more likely to be the
descendants of more massive galaxies in which star for-
mation quenches early and recycling reduces the stel-
lar mass down to its final value than the descendants
of recently star-forming galaxies with masses close to
108.5M⊙. This scenario among dwarf galaxies is also
suggested by the right panel of Figure 3, which shows
the redshift, zquench, at which today’s passive galaxies
quenched. The limitations of our model may also be
apparent in the declining value of zquench with increas-
ing stellar mass beyond ∼ 1011M⊙; including mergers
in these systems may act to flatten the trend. How-
ever, the behavior of z1/2 for the total galaxy popula-
tion is relatively straightforward and reflects our choice
of fp in equation 10: median values of z1/2 increase
with stellar mass, tracing values for star-forming galax-
ies for M⋆,0 . 10
10M⊙ and those for passive galaxies at
M⋆,0 & 10
11M⊙.
Given the excellent agreement between our model
results and observations for galactic ages of nearby
galaxies, we extend our model to higher redshifts and,
in Figure 4, present our calculations of luminosity-
weighted ages as a function of stellar mass for zf = 0,
0.1, 0.5, 1.0, 1.5, and 2.0. We demonstrate the validity
of these results by demonstrating their excellent agree-
ment with galaxy age measurements at z = 0.7 by
Gallazzi et al. (2014)5, but our computations are also in
agreements with observations in Choi et al. (2014). As
zf increases, our results quantify the monotonic decrease
in the median galaxy-averaged age and demonstrate an
increased scatter in ages at higher redshifts. Alterna-
tively, as a function of M⋆,f , our model reveals that the
increase in luminosity-weighted age toward higher stel-
lar masses flattens around M⋆,f = 10
11M⊙ at z = 0
due to quenching and that the flattening begins at pro-
gressively higher masses for galaxies at earlier redshifts.
Moreover, the transition from mostly star-forming low-
mass systems to mostly-passive massive systems pro-
duces a smoother behavior in the T–M⋆,f at higher red-
shifts. While our results at higher redshifts are only as
good as our extrapolations of the empirical fitting rela-
tions that make up our model, improved mass-complete
samples of star formation rates and passive galaxy frac-
tions at logM⋆ ≪ 9 will allow for additional refinements
of our predictions.
4.2 Stellar Metallicities
The favorable comparisons between our results and the
observed median and scatter in galactic ages contrast
with those for stellar metallicity. Qualitatively, we gen-
erally find higher stellar metallicities in older, more mas-
5 Note that the observed sample from Gallazzi et al. (2014)
is not completely representative of the underlying popu-
lation, but passive systems general dominate in this mass
range.
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Figure 5. The median (top row) and central 68% interval range (bottom row) for luminosity-weighted, stellar iron metallicity of
a population that includes both passive and star-forming galaxies as a function of stellar mass at z = 0. Thick lines and shaded
regions in the top row indicate median and scatter in the Gallazzi et al. (2005) observations of Z⋆ (corrected as discussed in the
text), while filled and open circles in the bottom row showing the uncorrected and uncertainty-subtracted central 68% interval,
respectively. In the left column, short-dashed (green), solid (blue), and long-dashed (orange) curves compare the effect of different
correlation time-scales between fluctuations in normal star formation—∆tc = 108, 109, and 1010 yr, respectively—assuming the
FMR calibration from PP04. The dotted (blue) curve shows the mass-weighted results, while the thick, short-dashed (red)
line demonstrates the effect of ignoring the correction from α- to iron-abundance; both assume ∆tc = 109 yr and the PP04
calibration. In the right column, solid (blue), dot-dashed (orange), short-dashed (green), and long-dashed (red) curves compare
results from different FMR calibrations of PP04, M10, KD02, and Z94, respectively, with a fiducial correlation time-scale of
∆tc = 109 yr.
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sive galaxies, as observed. However, we have difficulty
reproducing both the median and distribution of stel-
lar metallicities in detail as depicted in Figure 5. The
left column shows the effect of varying ∆tc using the
FMR indicators of PP04, while the right column as-
sumes ∆tc = 10
9 yr and demonstrates the differences
among alternate derivations of the FMR.
As with the ages in Figure 2, all values of ∆tc re-
sult in identical median stellar metallicities at all stellar
masses. This is also true for the scatter among galaxies
with masses above ∼ 1010M⊙, where quenching begins
to dominate variations in the star formation history.
With our fiducial α/Fe ratios from Stoll et al.
(2013), different FMR calibrations produce results
which cluster around the median Gallazzi et al. (2005)
metallicities for masses less than ∼ 1010M⊙. At larger
masses, they somewhat underestimate the observed re-
sults as a group, but the calibrations of KD02 and Z94
are relatively more successful on their own. With regard
to the metallicity scatter, the Z94 and PP04 calibrations
result in values of ∆68Z⋆ consistent with observations
for M⋆,0 & 10
10.5M⊙; the M10 and KD02 give slightly
too much or too little scatter, respectively, in this mass
range. However, all FMR models produce 1–2 orders-
of-magnitude less scatter than observed among galaxies
with masses below ∼ 1010.5M⊙. In principle, we could
derive an FMR that produces agreement between our
model and observations, but this exercise is complicated
by uncertainties in comparing the model and the data
(see §4.2.1.)
4.2.1 Uncertainties in the Model–Data Comparison
There are several reasons why we may not have ex-
pected to predict the observed metallicity distribution
correctly. We divide these into three categories: unac-
counted for physical issues with (1) the metallicity of the
gas or (2) translating the oxygen-traced metallicity of
gas to the iron-traced metallicity of the stars that form
out of that gas and (3) methodological issues with our
approach or in the Gallazzi et al. (2005) data. Problems
in any of these groups can influence our comparisons of
both the median and scatter in metallicity.
The calibration of the gas-phase metallicity, which
we discussed in §2.2, is not the only uncertainty affect-
ing our use of the FMR. Extrapolation is a further cause
for concern, particularly at M⋆ & 10
10.5M⊙, beyond
the Andrews & Martini (2013) sample that was used
to fit several of our FMR choices, where Yates et al.
(2012) find evidence for an turnover in the general
relationship between metallicity and the star forma-
tion rate. However, even with a perfect characteriza-
tion of the z = 0 FMR across all stellar masses and
star formation rates, we would not be able to rule out
an evolution in the relation with time. Although we
ignore such evolution, we may actually expect it on
theoretical grounds since galactic outflows, which al-
ter the relative amounts of metals and gas a galaxy
retains (e.g., Peeples & Shankar 2011), depend on the
evolving galactic potential well (e.g., Murray et al.
2005, 2010). Observationally, results are conflicted;
some high-redshift studies report metallicities consis-
tent with the local FMR (e.g., Mannucci et al. 2010;
Lara-Lo´pez et al. 2010; Wuyts et al. 2012; Henry et al.
2013a,b), while others paint a more uncertain pic-
ture (e.g., Sa´nchez et al. 2013; Hughes et al. 2013;
Yabe et al. 2014; de los Reyes et al. 2014; Sanders et al.
2014). To further complicate these observational tests,
the local calibrations of O/H metallicity indicators may
not apply in high-redshift galaxies (Kewley et al. 2013)
if the interstellar media of these systems exhibit higher
densities and pressures (e.g. Mun˜oz & Furlanetto 2012,
2013) or harder radiation fields (but see Juneau et al.
2014). Finally, the FMR is not as completely free of scat-
ter (Andrews & Martini 2013) as we assumed, particu-
larly at high redshift (e.g., Wuyts et al. 2012); like scat-
ter in the M⋆–M˙SFR relation, these fluctuations would
imprint on the resulting metallicity distributions from
our model.
In addition to the oxygen-traced metallicity in the
gas-phase, the iron-traced metallicity of stars formed
from that gas is also uncertain, and the largest compli-
cating factor is the α/Fe ratio. As discussed in §2.2, we
translated the oxygen-weighted gas-phase metallicities
of the FMR to stellar metallicities measured relative
to iron using the α/Fe-O/H relation from Stoll et al.
(2013) as a fiducial calibration. Figure 5 demonstrates
that the effect of this conversion is to reduce the me-
dian stellar metallicities by a factor of 2–3. However,
the differing delay times between iron-producing Type
Ia supernovae (long) and iron- and oxygen-producing
Type II supernovae (short) after the formation of a stel-
lar population suggests an underlying age dependence
of α/Fe (Maoz et al. 2012).6 Thus, the mass-age rela-
tion among galaxies (see §4.1) implies a secondary cor-
relation between α/Fe and stellar mass (Thomas et al.
2005; Arrigoni et al. 2010). We also test (but do not
plot) our results using this type of calibration from
Arrigoni et al. (2010) and find that, while this choice
over-produces the metallicity in dwarf galaxies, results
from different formulations of the FMR bracket the me-
dian observed metallicities above ∼ 1010M⊙. However,
the M⋆–α/Fe relation does not produce the increase in
metallicity scatter that we would expect from a true
age-α/Fe relation because the significant scatter in the
mass-age relation is washed out.
There are also several methodological issues that
could affect our results and comparisons with ob-
servations. For example, Trager & Somerville (2009)
demonstrate a potentially important difference be-
tween the type of luminosity-weighting that we use
and an SSP-weighting, which is more relevant for the
Gallazzi et al. (2005) spectral index calibrations (see
6 Complicating a pure age dependence, we also note that the
different production sites for the two sets of elements could
lead to different outflow loading factors and play a role in
determining α/Fe.
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also Panter et al. 2008). Moreover, aperture bias, par-
ticularly for galaxies with both bulge and disk compo-
nents, is partially responsible for the flattening of the
mass-stellar metallicity relation in the SDSS measure-
ments (Kauffmann et al. 2003), and the choice of model
metallicity grids (Koleva et al. 2008) may also have a
subtle effect. Finally, observational biases may skew the
statistics of dwarfs galaxies in the Gallazzi et al. (2005)
sample away from those of the total population. In par-
ticular, because O and B stars in regions of high star
formation rate hinder measurements of the absorption
lines used to derive stellar metallicities, the observed
sample may have a higher proportion of passive sys-
tems than expected from equation 10. Although the ob-
served trend in the median metallicity with stellar mass
observed by Gallazzi et al. (2005) appears to continue
in galaxies below the lower SDSS mass limit—around
109M⊙—to Milky Way and M31 satellites with masses
as low as ∼ 103M⊙ (Kirby et al. 2013), the agreement
is not perfect. Further, the significant amount of scatter
in the Gallazzi et al. (2005) metallicity measurements
at ∼ 109M⊙ is not observed in the Kirby et al. (2013)
dwarf satellite sample at ∼ 108.5M⊙. This apparent ten-
sion in the available data from the literature suggests
that the amount of stellar metallicity scatter among
dwarf galaxies is not yet a resolved question, though
it may simply be an issue of comparing satellites with
systems in the field. New work by Choi et al. (2014)
analyzing observations specifically of passively evolving
galaxies may provide more useful comparisons with our
model moving forward (see also Conroy et al. 2014).
The reader may also imagine several other factors
that could produce the discrepancies between our results
and the SDSS metallicity data. Yet, two possibilities
that we do not consider to be significant for our calcu-
lation of stellar metallicities are the initial mass function
(IMF) of stars and mixing. While the IMF has a strong
impact on the rate at which galaxies produce metals
and may vary in certain types of systems (Hopkins
2012; Conroy & van Dokkum 2012; Conroy et al. 2013;
Geha et al. 2013), our empirical inputs to our model
should already reflect these systematic differences. The
only manner by which the IMF can significantly influ-
ence our results is through its effect on the observed
stellar mass–star formation rate relation, and such a
change may alter the good agreement between our re-
sults and observed galaxy ages. On the other hand, mix-
ing may contribute in two ways. First, unresolved gra-
dients, particularly at higher redshifts (e.g., Jones et al.
2013; Yuan et al. 2013a), in the gas-phase metallicity
may result in many regions with metallicities signifi-
cantly different from the measured average. However,
because measurements of the galaxy-averaged Zg are
effectively weighted by star formation rate, the values
accurately reflect the gas producing new stars. Mixing
may be a concern either if gas in HII regions is not
uniformly mixed or because gas-phase metallicity in-
dicators originate in HII regions rather than the cold,
neutral gas where stars. However, local observations at-
test to the uniformity of gas-phase metallicities (if not
of temperatures) within HII regions (e.g., O’Dell et al.
2003; Garc´ıa-Rojas et al. 2004) and the agreement be-
tween measurements in these regions and the associated
stars (Simo´n-Dı´az & Stasin´ska 2011; Nieva & Przybilla
2012).
In summary, it appears that we can resolve the dis-
crepancy between our model metallicity distributions
and those observed by Gallazzi et al. (2005) through
a combination of reconciling the discontinuous scatter
between SDSS dwarfs and the satellites of the Milky
Way and M31, correctly calibrating the FMR, and im-
plementing an α/Fe ratio that depends on the age of
the stellar population.
4.2.2 The Stellar Metallicity–Age Relation
The last point relating stellar metallicity to age moti-
vates us to consider the relationship between these two
output quantities from our model. In principle, we can
calculate Z⋆ as a function of T by generating a very large
number of star formation histories at a variety of stel-
lar masses, weighted according to the stellar mass func-
tion, and compiling the resulting metallicities into bins
of galactic age. Instead, we suggest an analytic treat-
ment to approximate the same result in a much shorter
time and with much more physical transparency. We
have additionally carried out the brute-force approach
with sufficient accuracy to ensure that this new ap-
proach achieves the same result within the uncertainties
of our basic model.
To begin, we assume that for each stellar mass at
z = 0, age and stellar metallicity are jointly log-normal.7
The probability distribution of logZ⋆ as a function of
log T is, then,
dP (Z⋆, T )
d logZ⋆
∝
∫
d2Pbiv(Z⋆, T |M⋆)
d logZ⋆ d log T
dn(M⋆, z = 0)
d logM⋆
d logM⋆.
(15)
The first factor in the integral is the bivariate, Gaussian
probability distribution given by
d2Pbiv
dxdy
=
exp
[
−1
2 (1−ρ2xy)
(
x2
σ2
x
+ x
2
σ2
x
− 2 ρxy
∣∣∣ x yσx σy
∣∣∣)]
2pi σx σy
√
1− ρ2xy
,
(16)
where x and y are jointly normal, mean-subtracted
quantities and
ρxy =
〈x y〉
σx σy
(17)
is their correlation coefficient. Note that, if x and y are
uncorrelated (i.e., ρxy = 0), then equation 16 reduces
to the product of two Gaussians. We can compute the
correlation coefficients between log T and logZ⋆, as well
as the means and variances of these quantities, from the
7 While this assumption is not precisely valid, the approxi-
mation is sufficient for our purposes.
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star formation histories that we calculate at the begin-
ning of this section for each stellar mass.
Because the stellar metallicity distributions from
our method do not agree in detail with those observed,
we do not present our results for this calculation. How-
ever, we find a general trend of higher metallicities for
older galaxies. We also already see tentative indications
that the scatter among metallicities at a given age is
less than at a given stellar mass, though the details de-
pend on the specific choice of FMR calibration. After
implementing the solutions to our discrepant metallici-
ties discussed in this section, a more careful analysis of
the relationship between Z⋆ and T using our framework
would be revealing and contribute to an interesting con-
ceptualization of galaxies as inhabiting a stellar mass,
age, and stellar metallicity landscape.
5 CONCLUSIONS
In this study, we develop a cohesive theoretical for-
malism for translating empirical relations into an un-
derstanding of the variations in galactic star forma-
tion histories. We achieve this goal by incorporating
into the Main Sequence Integration method the scatter
suggested by the evolving fraction of quiescent galaxies
and the spread in the observed stellar mass–star forma-
tion rate relation. We find excellent agreement between
our model results and the Gallazzi et al. (2005) mea-
surements of galactic ages—and approximate agreement
with their median stellar metallicities—as a function of
stellar mass but are unable to produce the observed vari-
ations among the stellar metallicities of dwarf galaxies
(see Appendix for information about our tabulated re-
sults).
Our work confirms that quenching is the key factor
in determining the age distribution of massive systems.
Because our implementation of quenching is stochas-
tic and does not account for the frequency of different
environments, environmental effects likely do not con-
tribute very significantly; observational correlations be-
tween environment and age may simply result from the
strong clustering of massive galaxies into overdense re-
gions. On the other hand, among star-forming galax-
ies, variations in star formation rate likely correlate on
time-scales longer than 108 yr—unless additional star-
bursts strongly influence dwarf galaxy formation (e.g.
Weisz et al. 2012; Amorisco et al. 2014; Madau et al.
2014, but see also Garrison-Kimmel et al. 2013)—and
probably around 109 yr, which suggests that environ-
mental effects could play some role in setting star for-
mation rates. However, additional starbursts beyond the
normal scatter reflected in observed stellar mass–star
formation rate relation are not required to explain the
distribution of stellar age as a function of mass.
Further, our work may reveal missing ingredients in
the understanding of galaxy metallicities. For example,
we find that results using representative formulations
of the fundamental relation among gas-phase metallic-
ity, stellar mass, and star formation rate approximately
bracket the observed median stellar metallicities. Thus,
we conclude that the uncertain calibration of gas-phase
metallicity is at least partially responsible for our in-
ability to reproduce the observations in detail. However,
properly modeling the α/Fe ratio as a function of the
age of a stellar population also promises to improve sig-
nificantly our comparisons with the data—particularly
in generating the stellar metallicity scatter among dwarf
galaxies, which retain less than 5% of the metals they
have ever made in their stars (Peeples et al. 2014)—and
our understanding of the buildup of the stellar metal-
licity relation through time.
Moreover, directly connecting empirical phe-
nomenology with our framework for galaxy evolution
gives us deeper insights into both data and theory. For
example, we can improve the derivation of galaxy prop-
erties from future observations with our MSI-formalism,
iteratively solving for the stellar masses and star for-
mation rates, with self-consistent star formation histo-
ries. Such a procedure would yield more accurate re-
sults than would be achievable by assuming, e.g., a
simple, exponentially-declining star formation rate in
the required population synthesis calculation. Addition-
ally, with regard to theoretical models, our framework
points to degeneracies in the testing of numerical sim-
ulations and semi-analytic prescriptions against obser-
vations and suggests that physical processes correlating
star formation on different time-scales may be distin-
guished by the scatter in the resulting galactic ages of
dwarf galaxies.
Thus, our framework clearly provides a useful or-
ganizational structure through which the behavior of
galaxy properties can answer questions about the star
formation and enrichment history of universe. These an-
swers will increasingly clarify the field of galaxy forma-
tion as new streams of data continue to flow.
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APPENDIX A: INTEGRATION
RESOLUTION
To trace star formation histories through time, we must
choose a duration for our resolution time step, ∆t. Time
steps that are too long may not sufficiently resolve
the time-scales for the star formation rate correlation,
the passive mode (§3.2), or additional starbursts (§B).
Moreover, large values of ∆t are vulnerable to the sce-
nario where a large fluctuation in the star formation
rate implies that a mass much greater than the current
stellar mass of the galaxy was produced in the previous
time step, a phenomenon that leads to an artificially
low value of zi. We find that ∆t = 10
7 yr strikes a fair
compromise between minimizing these effects and main-
taining a reasonably small computation time acceptable
for producing large statistical samples of runs.
APPENDIX B: ADDITIONAL STARBURSTS
In this section, we test the effect of an additional
starburst contribution to galaxy star formation his-
tories that complete observations of the star-forming
main sequence may not reflect but may, nevertheless,
be necessary to explain the density profiles of dwarf
systems (e.g., Weisz et al. 2012; Amorisco et al. 2014;
Madau et al. 2014) and observed in a lensed dwarf sys-
tems at high redshift (Jones et al. 2014). Such bursts
would represent an further random process that pro-
duces spikes in the star formation rate, perhaps as some
tidal event funnels gas into the central regions of the
galaxy. These types of systems are not specifically ex-
cluded from the samples from which Whitaker et al.
(2012) derived equation 2, but their contribution was
likely small. Thus, we refer to the model of star forma-
tion described in this section as “additional” starbursts,
with the implication that we may already have included
some form of this process in the method described in
§3.1. In effect, these extra bursts increase the scatter
in our model star formation histories and the resulting
spread in age and stellar metallicity at fixedM⋆,0. They
also tend to minimize the differences between different
values of ∆tc as they come to dominate the fluctuations
in star formation rate.
Given the scope of the current study, we focus on
obtaining a rough estimate of the potential contribution
of such bursts to the scatter in stellar age and metallicity
and are rather less interested in developing a physically
accurate picture for including them. For example, we
ignore the addition of stellar mass during mergers that
may be associated with the bursts and avoid the extra
complications of tracing star formation histories for en-
tire merger trees. Ignoring this branching of the merger
tree may over-estimate the scatter in the star formation
history since the merging of two independent histories
will tend to smooth out fluctuations from either one.
However, this simplification does not significantly bias
our results if the stellar mass added through mergers
is not the primary mechanism for galaxy growth (e.g.,
Leitner 2012).
To describe the additional starbursts in this section,
we construct a three-parameter scheme in which a frac-
tion fb of star-forming galaxies, rather than having star
formation rates drawn from the log-normal distribution
appropriate for normal, star-forming galaxies, instead
form stars at a rate Nb standard deviations above the
mean—that is, Nb = (log M˙SFR − 〈log M˙SFR〉)/σSFR—
for a period lasting ∆tb/∆t time steps. For additional
simplicity, we assume that fb, Nb, and ∆tb are inde-
pendent of stellar mass and redshift, however, to allow
for the possibility that additional starbursts have a dis-
tinct physical source from fluctuations in “normal” star
formation, we do not require that ∆tb = ∆tc. Since
our goal is to assess whether additional starbursts play
a significant role in the scatter in galaxy star forma-
tion history rather than to accurately model the rel-
evant physical processes, we further set representative
values of fb = 0.1 and Nb = 3 and consider two val-
ues of burst duration: short bursts with ∆tb = 10
8 yr
and long bursts with ∆tb = 10
9 yr. More common or
more intense bursts likely would easily have stood out
in the Whitaker et al. (2012) data and thus already be
accounted for in §3.1. Note that models in which no
additional starbursts are included can be thought of as
ones with fb = 0.
As in the case for incorporating the passive phase
in §3.2, the probability for whether a galaxy begins
a burst in a given time step is related to the change
in the number of starbursts over the redshift interval.
The procedure is as follows. In the first time step for
which a galaxy is designated as star-forming (either at
z = 0 or after any passive phase), we give the galaxy
a probability fb (1− fp) of beginning a starburst. Dur-
ing a burst, the galactic star formation rate is set to
be log M˙SFR = 〈log M˙SFR〉 + Nb σSFR rather than be-
ing drawn from the log-normal distribution of §3.1, and
each burst lasts for a time ∆tb (i.e., for ∆tb/∆t time
steps). In all time steps for which a star-forming galaxy
is not in a starburst phase, the probability, Psb, of be-
ginning a new starburst in that time step is given by the
ratio of the change in the number of starburst galaxies
c© 0000 RAS, MNRAS 000, 000–000
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Figure B1. The median (top row) and central 68% interval range (bottom row) for luminosity-weighted, galaxy-averaged
stellar age as a function of total stellar mass at z = 0. The presentation of the Gallazzi et al. (2005) observations is identical to
that in Fig. 2 with thick lines and shaded regions in the top row indicated median and scatter in ages and filled and open circles
in the bottom row showing the uncorrected and subtracted central 68% interval, respectively. In the left column, solid (blue),
dot-dashed (orange), short-dashed (green), and long-dashed (red) curves compare results using, for the luminosity-weighting
of stellar ages within each model galaxy, the FMR calibrations of PP04, M10, KD02, and Z94, respectively. Passive galaxies
are included in the model, as is normal star formation with ∆tc = 109 yr. In the middle column, the solid (blue) and dashed
(orange) lines show the effect of changing the logarithmic scatter in the star formation rate at fixed stellar mass from our
fiducial values of σSFR = 0.3 to σSFR = 0.2; again passive galaxies are included and ∆tc = 10
9 yr. In the right column, results
demonstrate the effect of adding additional starbursts 3× 0.3 dex above the mean star formation rate in 10% of galaxies, each
lasting for ∆tb = 10
8 (solid, blue) or 109 yr (orange, dashed), in additional to normal star formation with ∆tc = 109 yr and a
passive phase.
over that time step to the total number of non-bursting,
star-forming galaxies:
Psb(M⋆, z) = fb
{
d
dz
ln
[
(1− fp)
dn
dM⋆
]
dz +
∆t
∆tb
}
,
(B1)
where the first term in the curly brackets accounts for
the changing number of star-forming galaxies and the
second accounts for galaxies finishing their starburst
phases during the time step. This procedure ensures
that the fraction of a large population of star-forming
galaxies in a starburst phase in any time step is always
fb. As a result, a galaxy that remains star-forming for
a time, TSF, experiences of order ∼ fb TSF/∆tb bursts.
For a burst model with values of fb = 0.1, Nb = 3
and ∆tb = 10
8 yr interspersed among normal star for-
mation correlated over ∆tc = 10
9 yr and a late passive
phase, the bursts create large spikes in the star forma-
tion rate, but, ultimately, the buildup of stellar mass is
not very different from that with fb = 0.
APPENDIX C: SENSITIVITY OF AGES TO
MODEL PARAMETERS
In Figure B1, we explore the influence on our model
ages of variations in the FMR (left column), differing
amounts of scatter in the normal mode of star formation
c© 0000 RAS, MNRAS 000, 000–000
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at fixed stellar mass (middle column), and the inclusion
of additional star bursts (right column). The FMR only
enters the calculation of stellar ages through the lumi-
nosity weighting, and we find that our results are rela-
tively insensitive to the specific choice of calibration for
the relation—though results for the M10 relation pro-
duce a slightly lower median and increased scatter at
the very high-mass end. Observed uncertainties in σSFR
are also of only minor importance. Similarly, while our
additional starbursts tend to decrease the median ages
at the very low- and high-mass ends of the population
below the observed values and somewhat increase the
amount of scatter at all masses, they do not alter the
results significantly. Whether or not extra bursts exist
as a real component of galaxy formation, the “additional
starbursts” described in §B are, at least, not necessary
for understanding the spread in ages as a function of
z = 0 stellar mass.
APPENDIX D: SUPPLEMENTARY TABLES
To facilitate the use of our results by the community,
we provide electronic tables of our results in the Sup-
plementary Data. We generated each table from 103
galaxy realizations in bins of final mass from 108.5–
1012M⊙. The column headings, from left to right, are
(1) stellar mass; (2–4) 16th, 50th, and 84th percentile
of luminosity-weighted age; (5–7) 16th, 50th, and 84th
percentile of luminosity-weighted stellar metallicity; (8–
10) 16th, 50th, and 84th percentile of mass-weighted
age; (11–13) 16th, 50th, and 84th percentile of mass-
weighted stellar metallicity; (14–16) 16th, 50th, and
84th percentile of the redshift at which 90% of the fi-
nal stellar mass is reached; (17–19) 16th, 50th, and 84th
percentile of the redshift at which 50% of the final stel-
lar mass is reached (i.e., z1/2); and (20–22) 16th, 50th,
and 84th percentile of the quenching redshift (see Ta-
ble 1 for a partial example). Values of “-999” for the
quenching redshift indicate that a value could not be
determined because not enough realizations resulted in
a passive system at the final redshift. We include ta-
bles with results for star-forming only, passive only, or
all galaxies with zf = 0, 0.1, 0.25, 0.5, 1.0, 1.5, and 2.0
assuming ∆tc = 10
9 and using the PP04 FMR calibra-
tion. Additionally, we provide results using the KD02,
Z94, and M10 FMR calibrations at zf = 0.
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Table 1. Sample Table
M⋆,f T
LW
16 T
LW
50 T
LW
84 Z
LW
16 Z
LW
50 Z
LW
84 T
MW
16 T
MW
50 T
MW
84 Z
MW
16 Z
MW
50 Z
MW
84 . . .
8.5 8.69714 8.89606 9.06296 -0.990586 -0.965648 -0.947322 9.28166 9.39568 9.49006 -1.08692 -1.07315 -1.06288 . . .
8.6 8.72299 8.91429 9.09394 -0.962493 -0.93594 -0.918917 9.30402 9.42289 9.5099 -1.0587 -1.04433 -1.03491 . . .
8.7 8.74968 8.934 9.11533 -0.933756 -0.906849 -0.89003 9.32176 9.43818 9.53025 -1.03102 -1.01704 -1.00736 . . .
8.8 8.76695 8.97311 9.14073 -0.903026 -0.87624 -0.860836 9.35914 9.46609 9.54669 -1.0027 -0.988028 -0.978879 . . .
8.9 8.78893 9.00361 9.17176 -0.872773 -0.847879 -0.83193 9.37691 9.48733 9.5702 -0.973877 -0.959993 -0.951397 . . .
9 8.8373 9.02734 9.18924 -0.843413 -0.817594 -0.804073 9.41356 9.50957 9.58702 -0.943983 -0.931822 -0.923149 . . .
. . . . . . . . . . . . .
. . . . . . . . . . . . .
. . . . . . . . . . . . .
. . . z9/10, 16 z9/10, 50 z9/10, 84 z1/2, 16 z1/2, 50 z1/2, 84 zq, 16 zq, 50 zq, 84
. . . 0.0262418 0.0590655 0.101895 0.151021 0.229398 0.31799 -999 -999 -999
. . . 0.0285369 0.0614686 0.11043 0.155571 0.248789 0.335151 -999 -999 -999
. . . 0.0316087 0.066299 0.11733 0.170322 0.267627 0.370653 -999 -999 -999
. . . 0.0331495 0.0785186 0.127803 0.193973 0.283689 0.389027 -999 -999 -999
. . . 0.0354671 0.0859507 0.145598 0.204621 0.30231 0.414212 -999 -999 -999
. . . 0.0409042 0.0901129 0.154659 0.225379 0.327095 0.432331 -999 -999 -999
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
All galaxies with zf = 0 and assuming ∆tc = 10
9 yr and the PP04 FMR calibration.
Col. (1): Stellar mass at zf in log units of solar masses. Col. (2–4): 16th, 50th, and 84th percentile of luminosity-weighted age (T
LW) in log units of years. Col. (5–7): 16th, 50th,
and 84th percentile of luminosity-weighted stellar metallicity (ZLW) in log units of solar metallicity. Col. (8–10): 16th, 50th, and 84th percentile of mass-weighted age (TMW)
in log units of years. Col. (11–13): 16th, 50th, and 84th percentile of mass-weighted stellar metallicity (ZMW) in log units of solar metallicity. Col. (14–16): 16th, 50th, and 84th
percentile of the redshift at which 90% of the final stellar mass is reached (z9/10). Col. (17–19): 16th, 50th, and 84th percentile of the redshift at which 50% of the final stellar
mass is reached (z1/2). Col. (20–22): 16th, 50th, and 84th percentile of the quenching redshift (zquench). Full tables are available online.
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